STANDARD MODULES OF QUANTUM AFFINE ALGEBRAS 



M. Varagnolo and E. Vasserot 

ABSTRACT. We give a proof of the cyclicity conjecture of Akasaka-Kashiwara, for 
simply laced types, via quiver varieties. We get also an algebraic characterization of 
the standard modules. 



1. Introduction 

Let 9 be a simple, simply laced, complex Lie algebra. If q is of type A, a 
geometric realization of the quantized enveloping algebra U of and of its 

simple modules was given a few years ago in [GV], [V]. This construction involved 
perverse sheaves and the convolution algebra in equivariant i-T-theory of partial 
flags varieties of type A. It was then observed in [Nl], [N2], that these varieties 
should be viewed as a particular case of the quiver varieties associated to any 
symmetric Kac-Moody Lie algebra. This leads to a geometric realization of U 
via a convolution algebra in equivariant .ftT-theory of the quiver varieties for q of 
(affine) type A^ in [VV] and for a general symmetric Kac-Moody algebra g in 
[N3]. For any symmetric Lie algebra q, one gets a formula for the dimension of the 
finite dimensional simple modules of U in terms of intersection cohomology (see 
[N3]). A basic tool in this geometric approach are the standard modules. They are 
the geometric counterpart of the Weyl modules of U (see Remark 7.19). In this 
paper we give an algebraic construction of the standard modules. It answers to a 
question in [N3] (Corollary 7.16). An immediate corollary is a proof of the cyclicity 
conjecture in [AK] (Corollary 7.17) for simply laced Lie algebras. 

The plan of the paper is the following : Sections 1 to 6 contain recollections on 
quantum affine algebras and quiver varieties. The main results are given in Section 
7. The proof of Theorem 7.4 uses Lemma 8.1. 

While we were preparing this paper Kashiwara mentioned to us that he has 
proved the conjecture in [AK] by a different approach (via canonical bases). We 
would like to thank the referee for numerous remarks on the first version of the 
paper. 

2. The algebra U 

Let q be a simple, simply laced, complex Lie algebra. The quantum loop algebra 
associated to q is the C((/)-algebra U' generated by x ir , k is , kf 1 = k i0 (i 6 J, r £ 
Z, s 6 ±N X ) modulo the following defining relations 



kjk^ — 1 — k^ k i; [k^ ±r , kj ;£ J — 0, 
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kx ± k _1 — o ±a ^x ± 
K l x j> K i — q x jr , 



(w-q ±a »z)mw)xt(z) = (q ±a ^w-z)xf(z)mw), 
(z - q ±aij w)xf (z)xf (w) = (q ±aij z - w)xf (w)x.f (z) , 

k+ -k; 



■>ij 



m 



m 



x± x± 



q-q- 



X ir w(p) X js :K ir w(p+1) ' ' ' X i 



u (m) 



o, 



where i ^ j, m = 1 — a^-, ri,...,r m £ Z, and w E SVn- We have set [n] 



,1-n 



+ g 3 " n + ... + q n ~ 1 ifn>0, [n]\ = [n] [n - 1]...[2], and 



We have also set e = + or 



m 



[p] ! [m — p] ! 



k±(z) = J>± ±r ^ x l ± (z) = J]x 



r>0 



Put A = C[g, g 1 ]. Consider also the A-subalgebra U C U' generated by the 
quantum divided powers xf^^ = xf r n /[n]\, the Cartan elements k^ 1 , and the 
elements h is such that 

kf (*) = kf 1 exp(±(g - g" 1 ) £ h i;±s ^) . 

S>1 

Let A° be the coproduct defined in terms of the Kac-Moody generators e i; f^, k^ 1 , 
i G / U {0}, of U' as follows 

A°(e i )=e i mi + k l Me % , A°(LJ = f, B k" 1 + 1 ® f i: A (k,) = k, M k,, 

where Kl is the tensor product over the field C, or the ring A. Let r be the anti- 
automorphism of U such that r(ej) = f*i, r(fj) = e i; r(kj) = k7 , and r(g) = g _1 . 
It is known (see [B]) that r(x~_ k ) = x^, and r(k^ ±r ) = k^-^. Let A* be the 
coproduct opposit to A°. We have (r 1X1 r)A°r = A*. Hereafter £ is an element of 
C x which is not a root of unity. 

3. The braid group 

Let W, P, Q, be the Weyl group, the weight lattice, and the root lattice of g. The 
extended affine Weyl group W = W x P is generated by the simple reflexions s, 
and the fundamental weights u>i, i E I. Let F be the quotient of W by the normal 
Coxeter subgroup generated by the simple affine reflexions. The group V is a group 
of diagram automorphisms of the extended Dynkin diagram of g. In particular T 
acts on U and on W. For any w £ W let l(w) denote its length. The braid group 
Byy associated to W is the group on generators T w , w € W, with the relation 
T W T W > = T ww > whenever l(ww') = l(w)+l(w'). The group Byy acts on U by algebra 
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automorphisms (see [LI], [B]). Recall that x" = u(i) r T^(ii), x+ = ^(i) r T" r (e^), 
for a fixed function v : I {±1} such that i/(i) + v{j) = if a^- < (see [B, 
Definition 4.6]). We have T Uj (kf r ) = kf r for any i,j, and T u)j (x^) = xj for any 
i 7^ j. For any ie/U {0} put 

^ =J Cl T Sj (f,)fflHT s ,(e,)(" where q = (-1) V' ( '" 1)/2 (<Z - q^YW- 

l>0 

The element Ri belongs to a completed tensor product (U Kl UJ" (see [LI, §4.1.1] 
for instance). It is known that 

^T 1 = S) e ' T '*( f <) (l)KIT **( e <) (,) where c^g'C-^Cg-g- 1 )^!]!. 

If TS^.-.Sir is a reduced expression of w G with r 6 T, set 
(3-1) ^ = T {T^...T^_ 1 (R ir )...T^(R ia )R il ), 

where aft = a M a for any a. In particular if & W are such that l(ww') = 

l(w) + ZK), then R ww , = T^ ] {R W> )R W . For any w £ W set A° = T^AT; 1 . 
Then R w ■ A°x ■ R' 1 = A° x, for all x G U (see [LI, 37.3.2] and [B, Section 5]). 

4. The quiver varieties 

4.1. Let / (resp. i?) be the set of vertices (resp. edges) of a finite graph (I,E) 
with no edge loops. For i,j G I let be the number of edges joining i and j. 
Put ciij = 25ij — riij. The map (I,E) t— > ^4 = (aij)ij e i is a bijection from the set 
of finite graphs with no edge loops onto the set of symmetric generalized Cartan 
matrices. Let ctj, i G I, be the simple roots of the symmetric Kac- Moody algebra 
q corresponding to A. Hereafter we assume that q is finite dimensional, i.e. the 
matrix A is positive definite. Let H be the set of edges of (I, E) together with an 
orientation. For ft G H let ft/ and ft" the incoming and the outcoming vertex of ft. 
If ft € if we denote by ft G -ff the same edge with opposite orientation. Given two 
/-graded finite dimensional complex vector spaces V = ie/ ^i, W = i6/ Wj, 
set 

E(V,W) = Hom(V^,WV), £(V, = Horn {V h Wi). 

Let P + ,Q + be the semi-groups Q + = iG/ N«i and P + = iG/ NtJi. Let us fix 
once for all the following convention : the dimension of the graded vector space 
V is identified with the element a = J^iei ViCii G Q + ( wnere is the dimension 
of Vi), while the dimension of W is identified with the weight A = J2i Wi^i £ P + 
(where Wi is the dimension of Wi). We also put |A| = Yli w i an d |ck| = Yli v i- We 
write a > a' if and only if a — a' G Q + . Set 

M aX = e(v, v) e l(w, v) e l(v, w). 

For any (-B,p, g) G M a \ let i?^ be the component of B in Horn (T4», ^4') an d set 
m aX (B,p,q) =J2<h)B h Bj + pq G L(V, V), 
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where e is a function e : H — > C x such that e(h) + e(h) = 0. A triple (B,p,q) G 
m a\ (0) i s stable if there is no nontrivial i?-invariant subspace of Ker q. Let m~ x (0)° 
be the set of stable triples. The group G a = FJ i GL(I^) acts on M a \ by 

5 • (B,p,q) = {gBg^.gp^qg- 1 ). 

The action of G a on m~ A (0)° is free. Put 

QaX = m-l(0)°/G a and N aX = m"j[(0)//G a , 

where / denotes the categorical quotient. The variety Q qA is smooth and quasi- 
projective. 

4.2. Let 7r : Q a \ — > _/V qA be the affinization map. Let L qA = vr _1 (0) C Q qA be 
the zero fiber. It is known that dimQ aA = 2dimL aA . If ot,a' G Q + are such that 
a > a', then the extension by zero of representations of the quiver gives an injection 
N a > \ N aX (see [N3, Lemma 2.5.3]). For any a, a', we consider the fiber product 

Ziaa'X = QaX x -it Qa'X- 

It is known that dimZ QQ / A = (dimQ aA + dimQ a / A )/2. If a' = a + a, and t'Cl" 
have dimension a, a', respectively, let C a t x C Z aQ / A be the set of pairs of triples 
(B,p,q), (B',p',q'), such that B'^ v = B, p' = p, q'^ v = q. If a' = a — ai, put 

C a ~x = ^(Cqa) c Z aa ,\, where <f> flips the components. The variety C % ^r x is an 
irreducible component of Z aa '\. Consider the following varieties 

N x = |J iV Q A, Qa = U QaX, Z\ = | | Z QQ , A , = □ L\ = I I L qA , 

a a a, a' a a 

where a, a', take all the possible values in Q + . Observe that for a fixed A, the set 
Q a \ is empty except for a finite number of a's. 

4.3. Put G\ = G\ x C x . The group G\ acts on M aX by 

(g,z) ■ (B,p,q) = (zB,zpg~ x ,zgq). 

This action descends to Q a x and N a \. For any element s = (t, £) G G A with f semi- 
simple, let (s) C G\ be the Zariski closure of s z . For any group homomorphism 
p G Horn ((s),G a ), let Q(p) C QaA be the subset of the classes of the triples g) 
such that s ■ (B,p, q) = p(s) ■ (B,p, q). The fixpoint set Q s aX is the disjoint union of 
the subvarieties Q{p). It is proved in [N3, Theorem 5.5.6] that Q(p) is either empty 
or a connected component of Q s a A . 

Lemma 4.4. (i) Fix A 1 , A 2 G P + , suc/« that A = A 1 + A 2 . TTie direct sum M A i x 
M A 2 — > M A gives a closed embedding k : Q A i x Q A 2 <^-> Q x . 

(ii) Fix a semi-simple element t = t 1 © t 2 G G A i x G A 2 . Set s = (t, () G G\, s 1 = 
(t,C) G G A i, s 2 = (t,C) G G A2 . If {Aspect 1 ) Aspect 2 = 0, ffcen Q A = k(q£ xQ&). 

Proof of 4.4. Fix /-graded vector spaces W, W 1 , W 2 , V, F 1 ,!^ 2 , such that VF = VF 1 © 
y = yi ey2) dimW /i = A i ; dimVF 2 = A 2 , dim^ 1 = a 1 , and dimV 2 = a 2 . 
Fix triples x 1 , x' 1 £ m~i xl (0)° , x 2 , x' 2 Gm~ 2 1 A2 (0)°. The triple x = x 1 ffix 2 is stable 
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since if V C Kerg is a B-stable subspace, then V 1 n V = {0} by the stability of 
x 1 , and then V embeds in V/V 1 . Thus it is zero by the stability of x 2 . Assume 
that g 6 G Q i_(_ a 2 maps x to x' ® x' . Then, 

q{g~ l {v 2 ) ny 1 ) c w 1 n vf 2 = {0} and b(^ _1 (v 2 ) nv 1 ) c g~ l {v 2 ) nv 1 . 

Thus the stability of x gives <? _1 (^ 2 ) H V 1 = {0}. In the same way we get n 
F 2 = {0}. Thus g € G a i x G Q 2. Claim (i) is proved. 

Fix p such that Q(p) is non empty. For any z € C x put 

V(s) = Ker(p(s)-z- 1 id y ), W(z) = Ker (t - z id w ). 

If x € Q(p) and (B,p, q) is a representative of x, then 

C V(z/0, q(V(z)) C W(z/C), C V(z/0- 

Moreover the stability of (B,p,q) implies that V = ze ^ spect V(z). Claim (ii) 
follows. □ 

4.5. Let V = rn~ x (0)° Xc o F and W be respectively the tautological bundle and 
the trivial Iv~-bundle on Q a \. The i-th component of V, W, is denoted by Vj,Wj. 
The bundles V, W, are GA-equivariant. Let g be the trivial line bundle on Q a \ with 
the degree one action of C x . We consider the classes 

Kx =q- 1 W-(i + q- 2 )v t + q - 1 E h >=iVh» 

T aX = qE(V, V) + q 2 L{qW - V, V) + L(V, qW - V) 
in 'K Gx {Q a \), and the classes 

= qE(V, V) + q 2 L{qW ~ V, V) + L(V, qW - V) - q 2 
T^- = qE(V, V) + q 2 L(qW - V, V) + L(V , qW-V)- q 2 

in K Ga (Q q a x Qa'x) (where a' = a ± ttj). It is known that T^a is the class of the 
tangent sheaf to Q a x, and that T^x\c i±L IS * ne c l ass of the normal sheaf of C l a , x in 
Q x x Q x (see [N2]). 

5. The convolution product 

5.1. For any complex algebraic linear group G, and any quasi-projective G-variety 
X let K G (X), K G (X) be the complexified Grothendieck groups of C7-equivariant 
coherent sheaves, and locally free sheaves respectively, on X. We put R-(G) = 
K G (point). For simplicity let /*,/*, <8>, denote the derived functors Rf*, Lf* ,® L 
(where (g> is the tensor product of sheaves of Ox-modules). We use the same 
notation for a sheaf and its class in the Grothendieck group. Hereafter, elements of 
K.g(X) may be identified with their image in K G (X). The class of the structural 
sheaf is simply denoted by 1. Given smooth quasi-projective G- varieties X\ , X 2 ,X 3 , 
consider the projection p a i : X\ x X 2 x X 3 — > X a x Xf, for all 1 < a < b < 3. 
Consider closed subvarieties Z a b C I„ x Ij such that the restriction of pis to 
p^ 2 x Z 12 np^ 1 ^ is proper and maps to Z 13 . The convolution product is the map 

*: K G (Z 12 )®K G (Z 23 )^K G (Z 13 ), S H T - P13* ((pl 2 £) ® (p5 3 ^))- 

See [CG] for more details. The flip : X a x Xb Xf, x X a gives a map : 
K G (Z a b) — > K G (Z;, a ). This maps anti-commutes with *, i.e. 

0*(X12 *X 23 ) = ^*(x 2 3) *4>*( X 12), Vxi2,X 2 3- 
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5.2. Let Dx be the Serre-Grothendieck duality operator on K G (X) (see [L2, Sec- 
tion 6.10] for instance). Assume that X is the disjoint union of smooth connected 
subvarieties X^\ Assume also that we have fixed a particular invertible element 
q € K G (X). Put d xw = dimX« D xW = ^<')» x( „, D x = Ei D xw- Let ft x 
be the determinant of the cotangent bundle to X. ThenD x (£) = (-l) diraX £* ®Cl x 
for any G-equivariant locally free sheaf £. Put Z^p = n (Xa^ x X^). Assume 
that fi y (o = q for all a,i. The operators 

Dz ab =Y j q d ^O z% , 
where = (eL-w + d x u))/2, are compatible with the convolution product i.e. 

a f, 

D Zl2 (x 12 ) * Dz 23 (x 2 3) = D Zl3 (x 12 *X 23 ), Vxi2,X 2 3 
(see [L2, Lemma 9.5] for more details). 

5.3. If £ is a G-bundle on X, we have the element f\ z {£) = Si=o(A' '£) ■ z * £ 
Kg(1)[z], where is the z-th wedge product. Clearly f\ z (£ + J 7 ) = f\ z {£) <8> 
f\ z {F) for any £,J r , and 

(5.4) /\_ 1 (£) = (-iy k£ Det(£)®/\_ 1 (£*)- 

Observe also that f\ z {£) admits an inverse in Kg(X)[[z]]. Let R(G) be the fraction 
field of R(G) and set K G (X) = K G (X)® R{G) R(G), K G (X) = K G (X)K R(G) R(G). 
Assume that G is a diagonalizable group and that the set of G-fixed points of the 
restriction £\ x a is X G . Then f\_ 1 (£) is invertible in K. G (X) by the localization 
theorem and [CG, Proposition 5.10.3]. In particular the element f\_ 1 (J 7 — £) = 
f\_ 1 (J 7 ) ® f\_i(£)~ 1 is well-defined in K. G (X) for any T . If G is a product of GL n 's 
and H C G is a torus, then /\_ 1 (£) is still invertible in Jt G (X) if the set of H-Rxed 
points of £\ x h is X H (use [CG, Theorem 6.1.22] which holds, although the group 
G is not simply-connected) . In the sequel we may identify a G-bundle and its class 
in the Grothendieck group. 

5.5. Assume that the group G is Abelian. For any R(G)-module M and any s G G, 
let M s be the specialisation of M at the maximal ideal in R(G) associated to s. 
The localization theorem gives isomorphisms of modules 

i. : K G (X S ) S - K G (X) S , l, : K G (X S ) -> K G (X), 

where i. : X s — > A" is the closed embedding. 

6. Nakajima's theorem 

6.1. We fix a subset H + C H such that n = and H + U H + = H. For 
any i,j £ I let be the number of arrows in H + from i to j. Put n~- = — nj. 
Observe that n% = n~-. Put 
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Let ( | ) : Q x P — > Z be the pairing such that (ccj|u;j) = <5jj for all i, j G /. The 
rank of J* x is (a,|A - a). Pnt =_® a K ± x and ^ = © a ^ A . Let /*,/f , 
be the diagonal operators acting on }£ Gx (Q a \) by the scalars f l aX = vkT^ and 
= rkjF^. Let p,p' : (Q\) 2 — > Qa be the first and the second projection. We 
denote by V, V G K Ga ((Qa) 2 ) the pull-back of the tautological sheaf (i.e. V = p*V 
and V = p'*V). Set C = q' 1 ^' - V). For any r G Z set 

(6.2) 4 = £(±£)££ r ^ fcf (z) = ^A-i/^Cff" 1 - 



where xj^ = (-l)^Det (J^*),the map 5 is the diagonal embedding Q\ ^ (Q\) 2 , 
and ± is the expansion at z = oo or 0. Hereafter we may omit 6, hoping that it 
makes no confusion. Let Ua be the quotient of K Ga (Za) by its torsion R(Ga)- 
submodule. The space Ua is an associative algebra for the convolution product 
* (with Z 12 = Z 23 = Z x ). It is proved in [N3, Theorems 9.4.1 and 12.2.1] that 
the map x^; i— ► xf r , \if r i-» kf r , extends uniquely to an algebra homomorphism 
<&a:U-,U a . 

Remark 6.3. The morphism $a is not the one used by Nakajima, although the 
operators hi r in (6.2) and in [N3, §9.2] are the same. The proof of Nakajima 
still works in our case : the relations [N3, (1.2.8) and (1.2.10)] are checked in the 
appendix, the relations involving only one vertex of the graph are proved as in [N3, 
§11], the Serre relations are proved as in [N3, §10.4]. 

6.4. Recall that dimQ Q A = (a\2X — a). From the formula for T a x in Section 4.5 
we get = q~ dQ ^\ . Thus the hypothesis in Section 5.2 are satisfied. Consider 

the anti-automorphism = (f)*Dz x of Ua- 



Lemma 6.5. We have <&at = 7(/3>a- 

Proof of 6.5. For any a' G Q + the Hecke correspondence C l ^r x is smooth and 

n c >± = q^ P *n QaX ® P *Det {r a \) ® (±ctfg ± 

where a = a' =F on (see the proof of 7.4). Using the identities 

p '*jri±* _ p *jT*±* = -q^ l C and dim Z QQ / A = T/„a + d Q a > x + 1, 

and the commutation of the Serre-Grothendieck duality with closed embeddings we 
get 

lu{xf r ) =Z a , q - 1 x*x*(^)®c3 x ~ r 



X L-r- 



□ 
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6.6. Put W A = K e *(L x ), W A = K?*(Q X ), and R A = R(G A ). The R A -modules 
W A , W A are free. Thus W A , resp. W A , may be viewed as U-module via the 
algebra homomorphism U — > U A — > End W A , resp. U — > End W A , which is 
composed of <£> A and of the convolution product * : U A Kl W A — > W A , resp. 
* : U A B W' A -»• W A (for Z 12 = Z A and Z 23 = Q\, resp. Z 23 = L\). The varieties 
Lq A and Qoa are reduced to a point. Let [0] be their fundamental class in K-theory. 
By [N3, Propositions 12.3.2, 13.3.1] the U-module W A is cyclic generated by [0], 
and we have 

x+(z) * [0] = 0, kf(z) * [0] = I ai) A_ 1/z {(q- 2 - [0]. 

6.7. Fix a semi-simple element s = (t, C) in G x . Let (s) C G x be the Zariski closed 
subgroup generated by s. Put 

W S = K< S >(L A ) S , W' S = K^(Q X ) S , U S = K^(Z X ) S . 

Let $ s : U — > U s be the composition of $ A and the specialization at s. Consider 
the C-algebra 

U| 9=c =U0 A (A/(q~C)). 

The spaces W s , W' s , are U| ^-modules. The U| g=( ;-module W s is called a stan- 
dard module. It is cyclic generated by [0]. 

7. The coproduct 

7.1. Fix A 1 , A 2 e P+, such that A = A 1 + A 2 . Put G A i A 2 = G\i x G X 2 x C x , 
R A i A 2 = R(G A i A 2), and let R A i A 2 be the fraction field of R A i A 2 . Set 

W a = W a B Ra R a1A 2, W' a1a2 =K g a 1 , 2 (Q aiX Q A 2), w' a1a2 =w a1a2 b Ra1a2 r a1A 2. 

Similarly we define W A , W A i A 2 , W A i A 2 (using L x instead of Q\), and U A ,U A i A 2 
(using Z x instead of Q\). By [N3, §7], [CG, §5.6] we have two Kunneth isomor- 
phisms 

W A ! B W' A 2 ^W' A1A 2, W A 1 M W A 2^W A l A 2. 

Let denote them by 6. Set U A i A 2 = (U A i M U A 2) [3 Ra1a2 R a i A 2. We do not know 
if there is a Kunneth isomorphism 

K^i(z A i) 8K^ 2 (^) ~ K G ^* 2 (Z x i x Z x i). 

However, it is easy to see that the map : U A i A 2 — > U A i A 2 induced by the external 
tensor product is invertible : if H = H X i x H X 2 xC x C G A i A 2 is a maximal torus, 
then 

K(H)M Rxlx2 U A1A 2 ^K^x cX (Z Al )KK^x cX (Z A2 ) 

~ K^i xc x (Qai x Q\i) M K H ^ xC * (Q X 2 x Q X 2 ) 

— ^ H {Q\i x Q A 2) 

~K H (Z X . x Z A2 ) 
~R(£0 K Ra1a2 U a1a2 . 
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Here we have used the localization theorem, the identity 

{Z xb ) H ^ cX ={Q xb xQ Afc )^ xCX for 6=1,2, 

the Kunneth formula for Q\i x Q A 2, and [CG, Theorem 6.1.22] (which is valid, 
althougth G\i\2 is not simply connected). Taking the invariants under the Weyl 
group we get the required invertibility. This invertibility is not needed in the sequel. 
Set also 

T + = qE + {V\V 2 ) + L(V\qW 2 - V 2 ) + ^^(V 2 , V 1 ) + q~ 2 L{V 2 , qW 1 - V 1 ) 
T| = qE(V\ V 2 ) + L(V\qW 2 - V 2 ) + q 2 L(qW x - V 1 , V 2 ) 

in W A1A2 , where E±(V\ V 2 ) = ng-V/* ® V 2 . 

Lemma 7.2. The class of the normal bundle of Q\i x Q\2 in Q\ is + q 2 T+* . 
In particular, the class Q' = /\_ 1 (T+* + q~ 2 T+) is well-defined and is invertible in 

Proof of 7.2. Follows from Lemma 4.4 and Sections 4.5, 5.3. □ 

Let A' w , : W A — > W' A1A2 be the map induced by the pull-back k* : W' A — W A1A2 
(which is well defined, since Qa 1 x Qx 2 and Q\ are smooth). Since Z\ is a closed 
subvariety of (Q\) 2 , the restriction with support with respect to the embedding 
(<2a0 2 x (Qx 2 ) 2 ^ (Qx) 2 gives a map 

(kxk)* : K G ^ xCX (Z A ) ^K G ^ x ^ xCX (Z A i x Z*.). 

Put A'y = (1 IE ft'" 1 ) * (k x k)* : U A -» U A i A 2, where 1 ® Q'' 1 is the pull-back 
of by the second projection Z x i x Z X 2 — > Qa 1 x Qa 2 - There is a unique 

linear map Q — > P, a i— > a + , such that /* A = (c>!i|A — a + ). By (5.4) and Lemma 

7.2, the class /\_ 1 (T + \q^ 1x1 xQ a2X 2 ) ^ s well-defined and is invertible in the ring 

KG a1 xg a2 xcx ( q q1ai xQ Q2A2 )."set 

n= Y: 9 (al|a9+ - A9) A-i(T + | 0alxl xQ o9Aa )ewi 1A9 . 

The class O is invertible. We put A^, = f2 _1 A^, (here <8> is the tensor product 
on Q A i x Q A 2). Let <5*J7 ±:L be the image of fi* 1 in U A i A 2. We put Ay = (5*$7 _1 * 
A^ * (5*0. Hereafter (5* may be omitted. 

7.3. Let R € U A i A 2 be the element defined in Lemma 8.1.(iv), and set R = 6(R). 
We put Aw' = R~ l * A^, and Ay = R~ l * Ay * ft. Recall that we have anti- 
involutions 7y of U A and U A i A 2 (see §6.4). We set Ay = 7yAy7y. 

Theorem 7.4. The map Ay : U A — > U A i A 2 satisfies 

Ay$ A = 0($ai B$ A2 )A° and A^$ A = 0($ai B $a 2 ) A*. 
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Lemma 7.5. Assume that M,M', are smooth quasi-projective G-varieties. Let 
p : M x M' — » M be the projection. Fix a semisimple element s € G and a 
smooth closed G-subvariety X C M x M' . Put Af = TX - (p*TM)\ x , and Af s = 
TX S - {p*TM s )\ X s. 

(i) The element [\_ 1 (—N*\x s + N s *) € K^(X S ) is well-defined. Its image in 
K(A S ) under the evaluation map is still denoted by /\_ 1 (~M*\x s + A/" s *). 

(ii) For any G-bundle £ on X , the bivariant localization morphism r : K^(A) S — > 
K(A S ) defined in [CG, §5.11] maps £ to £\ x * <8> A-i(-A/"*U s + M s *) (here <g> is 
the tensor product on X s ). 

Remark 7.6. Fix s = (t,() € G\, s 1 = (t 1 , C) G G A i, s 2 = (t 2 ,C) G G A 2, such that 
t = t 1 @t 2 and t is semi-simple. Put U s i s 2 = K^(Z A i x Z A2 ) S , and let 

r s : U s -> K(Z|), r s i s2 : LW -> K(z£ x zf 2 ) 

be the bivariant localization maps. These maps are invertible and commutes to 
the convolution product *. If (("^spect 1 ) n spect 2 = 0, then Q\ ~ Q s xl x Q S X 2, 
Z x ~ Z xl x zf 2 , and the specialization of at s is well-defined and it coincides 
with the map r ~ lg2 ■ r s . 

Proof of 7.5. Claim (i) is well-known, see [CG, Proposition 5.10.3] for instance. 
Claim (ii) is immediate from the Koszul resolution of Ox by sheaves of locally free 
Om xM'-modules in a neighborhood, in M x M', of each point of X s . □ 

1 2 

Proof of 7.4- Assume that s is generic. Then k(Q s x1 x Q s x2 ) = Q s x and A' v specializes 
to the map r~ ls2 • r s by Remark 7.6. Assume that a' = a ± a* € Q + . Observe that 

TC l + x - TQ aX Ml = lMT a , x - 72+ 

= E(C, V) + L(C, W)-(q + q- 1 )^, V) + q 2 
= q 2 +qC*®p'*F i a , x , 

TC l J x - TQ aX Ml =q 2 +qC® p'*^* A . 
We have 

c£ x n (Z x i xZ x2 )= \J (c l a t xl x 5Q q2a2 U 5Q q1a1 x c£, x2 ), 

a=a 1 +0 2 

where a b ' = a b ± c^. Fix a 1 , a 2 6 Q + such that a = a 1 + a 2 . Take M = Q aA , 
M' = Q a 'x, and A = C^ x in Lemma 7.5. Let 9 : U s i K U s2 -> U s i s2 be the 
obvious map. The element ■ r s (xf r ) € U s i s2 is the image by 9 of 

(x+ HI)® (-1)^ Det (£ Kl ® A-i B + 

+A-i (-g _1 <J*^l*i B C) ® (-l/^Det (5*^ A t* K £) ® (1 K 

In this formula, the element £ K ^.T 7 ^"* is identified with its restriction to C l J[, xl x 
5Q a 2 X 2 C (Q A i) 2 x 5(Qa 2 )- Thus Det is the maximal exterior power of a virtual 
bundle on C^, xl x <5<2q 2 a 2 - Similarly /\_ 1 (—q~ 1 CM S^J 71 ^) is the of a virtual 
bundle on on C^j~/ A i x 5Qa 2 A 2 - It is well-defined by [CG, Proposition 5.10.3] since 
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s is generic. Here, <g> is the tensor product of sheaves on C^t/ A i x $Qa 2 \ 2 (which is 
smooth). In the same way, T~^ g2 ■ r s (x~ r ) is the image by of 

(x~ SI)® (-l/^Det (-£ M 6*r x z*) ® A_i (-g _1 £* B ^^2) + 

+A-i(-9 _1 <y.^Ai KI^C*) (8)(-l) J ^ Det (-5*^7* B £) ® (1 Bi"). 

Since s is generic, the class O G W' AlA2 specializes to a class in K^(Q A i x Qa 2 )s- 
Let tt s i s 2 be this class. A direct computation gives the following identities in U s i s 2 

^ ® Ky B !) ® = Q Tf $ A-i{q£* ® + Q' 1 ^ ^ ® (xf r M 1), 

rr^ ® (1 m xf r ) ® fw = ^A-i^" 1 ^ a £* + g^ A 7* a £) ® (i b 4). 

Using (5.4) we get 

A» (4) = B 1 + q& A-i (Or 1 - q)Tl B £*) ® (1 B 4)) 

(7.7) 

Afyfe) = B 1) ® g / i a A_ 1 ((g- 1 - ?)(-£)* B^ a ) + 1 Ix"). 

Using (7.7) it is proved in Lemma 8.1. (Hi) that 

Rji 1 ^ * (Au§ s ) * R s i s 2 = 6($ s i M <I> S 2)A . 

We are done. The second identity follows from the first one and Lemma 6.5 since 
A°' T = AV □ 

7.8. Let H C G\i x G\2 x C x be the maximal torus of diagonal matrices. Assume 
that the elements s, s , s 2 in §7.3 belong to H. Put 

W A>H = K H (Q X ), W' xlx2yH = ~K H (Q\i x Q x2 ), 

and idem for W^ff, W A i A 2#. The corresponding R(i7)-vector spaces are overlined 
(i.e. we set W' A H = K fl (Q\), etc). Let denote the Kunneth isomorphisms 

W A1>H M n(H) W A2>H ^ W A1A 2 jH , W X1H M n(H) W x2jH ^ W xlx2jH . 

Consider the bilinear pairing 

( | ) : W' AiH EI r( h) W XtH ^R(H),£®F^q»(£®f), 

where q is the projection to a point and ® is the tensor product of sheaves on Q x . 
The following lemma is proved as in [N3, Proposition 12.3.2 and Theorem 7.3.5]. 

Lemma 7.9. (i) The U -module W\,h is generated by R(i7) ® [0]. 

(ii) The R(H) -modules W' A h ,~Wx,h « r e f ree o,nd the pairing ( | ) is perfect. 

Let ( | ) denote also the pairing with the scalars extended to the field R(i7), and 
the pairing between W A1A2 H and W A i A 2#. The automorphism Dl x M id^ H ^ : 
W\,h — ► W Aj # is still denoted by D^ x . By §5.2 we have 

D Zx (u)*D Lx (m) = D Lx {u-km), Vu G U A ,Vm G W x ,h- 

Given a U A -module M, let M b be its contragredient module, that is M b = M* as 
a vector space and (uf)(m) = f((f>*{u)m) for all / G M b , m G M, u G U A . The 
symbols o and • denote the tensor product of U-modules relative to the coproduct 
A° and A* respectively. To simplify let Aw denote also the map A^/ M id^ H ^ : 

w a ,h-w a1a2>h . 
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Proposition 7.10. (i) The map Aw '■ W A H — ► W' A1A2 H is invertible. 
(ii) The map Au is an algebra homomorphism and 

Au{u) * Aw/(m') = A^/(ti*m'), Vu, m'. 

fmj T/ie pairing identifies W A H wrai/i i/te contragredient module W A 

(w,) Se£ Ajy = -Dl a (* A^/)-Dl a > where the transpose is relative to the pairing ( | ). 
We have 

Ajj(u) ★ Aw(m) = A^(«*m), Vu, m. 
^ T/ie map Ay^ is an embedding of U -modules W\,h ^ Wxia 2 ,h- 

Proof of 7.10. Claim (i) follows from the localization theorem since the fixpoint 
sets and Q\\ x are equal. It suffices to check Claim (ii) on a dense subset 
of specR^iA 2 - If s is generic then A^ = r~ lg2 r s (see Remark 7.6). Thus Au is an 
algebra homomorphism, since the map r s commutes to the convolution product. 
The case of Aw is similar. Claim (hi) means that for any m € "W x ,h, m' € W A H , 
u £ XJ\, we have 

(m'\u -km) = (4>*(u) -k m'\m). 
It suffices to check the two identities below : 

(m'\u*m) = (m! -ku\m) and m' * u = cf)*(u) * m' . 

These identities are standard. The first one is the associativity of the convolution 
product, the second one is essentially the fact that 0* is an anti-homomorphism. 
Claim (iv) is a direct computation : for any u, m, m' as above, we have 

(A W t{m')\D Lx A w {u-km)) = (m'\D Lx (u* m)) 

= (m'\D Zx (u)*D Lx (m)) 

= {lu(u)*m'\D Lx (m)) 

= (A w ,(ju(u) *m')\D Lx A w (m)) 

= (Au-fuiu) * A w ,{m')\D Lx A w (m)) 

= (A w ,(m')\D Zx Al(u) * D Lx A w (m)) 

= (A r (m')|D iA (Aj(n)*A ff (m))). 

Since ~W x ,h is a free R(i7)-module the restriction of A\y to W Aj # is injective. 
The U-module W\,h is generated by R(H) [0] and A w ([0]) = [0] M [0]. Thus 
A W (W X , H ) C W x1 ' X 2 jH . □ 

7.11. We can now state the main result of this paper. Using Theorem 7.4, Propo- 
sition 7.10, and the Kunneth isomorphisms 

0- 1 : W A1A2;H ^ W xltH M R{H) W X 2 !H , 0- 1 : W A1A2>H ^ W' xl ^ n{H) W' X ^ H , 
we get morphisms of U| ^-modules 

_1 A W : W s -» W s i • W, 2 and : -> o W^ 2 . 
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Theorem 7.12. Assume that (( 1 ^spect 1 ) n sped 2 = 0. Then the maps 
_1 A W : W s -f W s i • W S 2 and O^kw : W s -> W' sl o W' s2 
are isomorphisms of \J\ q= ^-modules. 

Remark 7.13. Let first recall the following standard facts (see [N3, Section 7.1] 
for instance). Let X be a smooth quasi-projective G- variety (G a linear group) 
with a finite partition into G-stable locally closed subsets Xj, i G I. Fix an order 
on / such that the subset Uj'<i^i' C 1 is closed for all i. Let k : Y ^ X be 
the embedding of a smooth closed G-stable subvariety such that the intersections 
Yi = Xi f)Y , are the connected components of Y (in particular, Yi is smooth). 
Assume that there is a G-invariant vector bundle map 7Tj : Xi — > Yi for each i. Let 
K G top be the complexified equivariant topological i-T-group of degree r (r = 0, 1). 
Assume also that K G top (y) = {0}, K G top (F) = K G (y) and K G (y) is a free R(G)- 
module. Let consider the vector bundle Mi = (TX|y. )/{TXi\y i ) on Yi. For each 
i fix a basis (£ij',j G Jj) of the space K (Yi). Fix also an element £jj G K G (A > i ) 
whose restriction to Xj is tt*%. Then K G top (X) = {0}, K G top (A) = K G (X), 
and the £y's form a basis of K G (X). Moreover K*(£ij) = f\_ 1 (M*) © £jj modulo 
K G ([J i , <i Y^) (here © is the tensor product on 1"). 

Proof of 7.12. Consider the co-character 

7 : C x — > G\, z !-»■ (z?d| A i| © id\\*\,l). 

Let (s,7) be the Zariski closed subgroup generated by s and 7(C X ). We have 

K (Qx 1 x Qx 2 ) = Q\'^ ( see Remark 7.6). We claim that 7 gives a Byalinicki-Birula 
partition of the variety Q s x such that each piece is a if-equivariant vector bundle 

over a connected component of Q^' 1 ^ . Fix /-graded vector spaces V,W l ,W 2 , of 
dimension a, A 1 , A 2 . Given a triple (B,p,q) representing a point x G Qx let V 1 be 
the largest instable subspace contained in q (W ). Assume that x is fixed by s. 
Let Q(p) C Q s x be the connected component containing x. For any 2 G C x let V(z) 
and W(z) be defined as in Lemma 4.4. Assume that (£ _1_N spect 1 ) n speci 2 = 0. 
Then V(z) C V 1 for any z G C~ N spec(t 1 ). In particular p(W 1 ) C V 1 . Thus, the 
subspace V 1 © PF 1 C V © PF is stable by B,p,q. The restriction of (B,p,q) to 
V 1 © PF 1 is a stable triple. The projection of (B,p,q) to V/V 1 © W/W 1 is stable 
either by the maximality of V 1 . Let x 1 G Q x i, x 2 G Q^ 2 , be the classes of those 
triples. We have 

n{x l ,x 2 ) = lim j(z)x 

(set g(z) = z idy\ © ids where S is a /-graded vector space such that V = S © V 1 , 
and write the triple "f(z)g(z)(B,p, q), which represents ^y(z)x, in a basis adapted to 
the splitting V = S © V . Then, do the limit z — > 0). The claim is proved. 
Consider the piece 

^pV = i x G I 1™ li z ) x e Qpvl> 

where <5 p i p 2 is the connected component n{Q{p l ) x Q(p 2 )) C Q A S ' 7 ^. By definition 
of Q~^i p 2, the one-parameter subgroup 7 acts on TQ^ lp2 \Q plp2 with non-negative 



14 



M. VARAGNOLO AND E. VASSEROT 



weights. By Lemma 7.2 the class of the normal bundle of Q x i x Qa 2 m Q\ is the 
sum of T_l and q 2 T\* . It is easy to see that 7 acts on with negative weights, 
and on q 2 T\* with positive weights. We get the following equality of classes in 
K H (Q plp2 ) 

(7-i4) TQi\ Qplp2 -TQ+ p2 \ Qplp2 = (r;i Qplp2 ) s . 

Here we use the notation : if £ is the class of a virtual .ff-bundle on Q p i p 2, then £ s 
is the class of the s-invariant part of the virtual bundle. Recall that 

We can apply Remark 7.13 to the following situation 

X = Q S X , Y = k(Q s x \xQ( 2 ), I={(p\ p 2 )}, {X i } = {Q+ p2 }, = {Q pV } 

(see also [N3, Theorem 7.3.5]). We get particular bases B x of K. H (Q S X ), and B x i X 2 
of ~K H (Q S X1 x Q s x2 ). In these bases, the R(iJ)-linear map 

A-i((mg<->) S ) _1 ®i«i : K H (QD ^ K H (Q s x \ x QjJ) 

(where «i is the restriction of k to Q Al x Q^ 2 , and (8>i is the tensor product on 
k(Q s x \ xQ x2 )) is triangular unipotent by Remark 7.13 and (7.14). Since £L (V 1 , V 2 )* = 
^(V 2 ,"^ 1 ), the elements 

A-i((nb plp2 ) s ), A-!((n*b plp2 ) s ) GK H (Q pV ) 

coincide up to the product by the class in K. H (Q p i p 2) of an invertible sheaf (see 
§7.1 and (5.4)). Thus, the product by 

A-iC^+lo,^)')" 1 ®^-!^;!^^)*) 

belongs to GL(K H (Qpi p 2)) c GL(K H (Q p i p 2)) . In particular, the determinant of 
the R(i?)-linear map 

A-i^+lo^)) 8 )" 1 ®i < ■■ k h (QD - k«(q£ x q£), 

respectively to 23a, 23a 1 a 2 > is an invertible element of R(7f). Let 

1 2 

'•a : Qa * <5a, '•a 1 a 2 : Q\i x <3a 2 - * Qa 1 x Qa 2 , 

be the closed embeddings. The localization theorem gives isomorphisms of R(-ff)- 
modules 

tA * : K H (Q s x )^W' XtH , : K H (Q s x \ x q£) ^ W^^. 
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Moreover, i Xie (K H (Q s x )) C W A H are free R(if )-submodules of W A H of maximal 
rank such that i\* (K H (Q s \)) = W^. Thus, the basis l\* differs from any basis 
of W A H by the action of an R(if )-linear operator whose determinant is regular 
and non-zero at s. Idem for '•a 1 a 2 *('Sa 1 a 2 ) C W a1a2 h . Set 

/ = fi- 1 ®«* : W AjH -W A1A2;H . 

By §7.1 we have 

for some element A p i p 2 g K H (Q p i p 2). Moreover, the product by 

A pV ®i A_i((^+lQ plp2 ) S ) ®i A-i(^+lQ plp2 ) _1 

is an invertible operator in GL(K^ {Q p ^ p 2 )) whose determinant, in R(-ff), is regular 
and non-zero at s. The element R € UaU 2 is unipotent by Lemma 8.1.(v). Thus 
the determinant of the R(i?)-linear map 

A w , : W' X:H -> W AlA2ji/ , 

with respect to t\*(B\), L X 1 \ 2 *(B\ 1 \ 2 ) is regular and non zero at s. By Proposition 
7.10. (iv), (v) we have A w ,(W' XtH ) C W A1A2>ff . Thus, the map _1 A W / : W X H -> 
W A i H ^R(fl-) W A2 H specializes to an isomorphism —> ~W' gl o W' s2 of \J\ q=( ^- 
modules. The other claim is due to the following easy fact. Consider the tensor 
product of UA-modules M 1 M M 2 relative to the coproduct Ajj. If the map Am : 
M —y Mi Kl M 2 is an isomorphism of U"A-modules, then the map * A^ 1 : M b — ► 
M\ M<p M\ is an isomorphism of UA-modules either, where M\ M\ is the tensor 
product relative to the coproduct 0*Ajy</>*. □ 

7.15. For any a G C x and any k € /, let V^{u)k)a be the simple finite dimensional 
U|q = £-module with the j'-th Drinfeld polynomial (z — Q^ci) 5 ^ . By [N3, Theorem 
14.1.2] we have V^(uk) a = W s if A = u>k and s = (a,() £ G\. Theorem 7.12 has 
the following corollaries which were conjectured in [N3] (in a less precise form) and 
in [AK] (for all types) respectively. 

Corollary 7.16. The standard modules are the tensor products of the modules 

VciuiiUjCi ° • • • ° V d U in)<Xj< T ™ 

such that n > T2 > ... > T n , j = 1, 2, r, and the complex numbers ctj are distincts 
modulo C z . □ 

Corollary 7.17. The U-module V^oj^)^ o ■ ■ • o V^(ui n )^-r„ is cyclic if t\ > t 2 > 
... > r n and is cocyclic if T\ < t 2 < ... < r n . Moreover it is generated (resp. 
cogenerated) by the tensor product of highest weight vectors. 

Remark 7.18. Corollary 7.16 is false if £ is a root of unity. 

Remark 7.19. The module Wa is presumably isomorphic to the Weyl module 
introduced in [K], and studied in [CP]. This statement is related to the flatness of 
the Weyl modules over the ring Ra- This is essentially equivalent to the conjecture 
in [CP]. 
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8. The R- matrix 

Fix A 1 , A 2 G P + , and put A = A 1 + A 2 . For any subset T C C we put \T\ = {\z\ : 
z£T}. If T, T' CC we write \T\ < \T'\ if and only if t < t' for all {t,t') G \T\x\T'\. 
Let S be the set of pairs of semi-simple elements (s 1 ,^ 2 ) G G\i x G\2 such that 
s 1 = (tSC); s 2 = (* 2 >C) an d \specp 1 (s 1 )~ 1 \ < 1 < |spec/3 2 (s 2 ) _1 | for all p x ,p 2 such 

1 2 

that Qpi p 2 is a non-empty connected component of Q s x i x Q s x2 - The projection of 
S* to specR-AiA 2 is a Zariski-dense subset. For any s 1 ,^ 2 , we put s = (t 1 © t 2 ,()- 
As usual, we put p = Yliei^i e ^ + • 

Lemma 8.1. Assume that (s\s 2 ) G S. 

(i) Ifm+ = x+ ri • ■•x+ rfc , m" = x" si • -xT Sfc G U, t/ien (* fl i El $ fi2 ) (7$ (m" El 
m + )) goes to zero when n — ► oo. 

(m,) TTie sequence ($ s i El < & s 2)(i? 2 np) admits a limit in U s i El U s 2 w/ien n goes to 

oo. T/iis Zirmi, denoted by R s i s 2, is an invertible element. 

(in) PutR s i s 2 =6(R s i s 2). Then R s i s 2 *0($ s i El $ s2 )A° * .R"^ = A^$ s . 

fiw) There is a unique invertible element R G Uaia 2 which specializes to R s i s 2 for 

any (s 1 , s 2 ) G S. 

(v) The element R G UaU 2 ^ unipotent. 

Proof of 8.1. In Part (i) we can assume that k = 1, i.e. m~ = x~ s and m + = 
Let C be the virtual bundle on Q\ x Qa introduced in §6.1. By (6.2) we have 

($ A i El <&A 2 )(T[ 2 l(m- El m+)) = ±(£ s+ ™ El /7" n ) ® (x" El 

where <8> is the tensor product on Q\ x Q\. For any n > 0, let £™ 6 , 6 = 1, 2, be the 
image in U s b of the restriction of C n to Z\. We want to prove that lim n ^oo L n sX El 
£j 2 n = 0. Fix p x ,p 2 , such that the subset Q p i p 2 C Q A i x is non empty. The 
set of the eigenvalues of s b acting on the bundle V|g( p 6) is the spectrum of the 
semi-simple element p b (s b )~ 1 . For any a G specp b (s b ) _1 , let C V|q( p &) be 
the corresponding eigen-sub-bundle. The image of £™i El C~ 2 n by r s i El r s 2 is the 

1 2 

restriction to Z s xl x Z x2 of the product of 

p 1 ,^ 2 a,/3 

by a constant which does not depend on n. Let us recall that if £ is a line bundle 
on a smooth variety X, then the element £ — 1 is a nilpotent element in the ring 
K(X) (see [CG, Proposition 5.9.4] for instance). Since (s 1 ,^ 2 ) G S, we are done. 
Claim (ii) follows from Claim (i), from the formula 

Rnp = ^'(„-l)p(-^p)^(n-2)p(-^p) ' ' ' ^P' 

and from [D, Theorem 4.4(2)], applied to the partial i?-matrix R p . 

We will prove Claim (hi) as in [KT, Appendix B]. Fix r G Z. Since i?2np ■ 
A°(x+) -i^ = A° np (x+), see §3, the limit tim = lim n ^ 00 (d> sl Eld> s2 )A° np (x+) is 
well-defined by Claim (ii). Let us prove that the series xf r El 1 + X^ s >o ^ts ^ x tr-s 
converges, and coincides with this limit. We will assume that r > 0, the case r < 
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being very similar. The element A° (x+ ) — x+ Kl 1 — M xf r is a linear combination 
of monomials of the form 

(fL=i x j„s u ) (riu=i^qr„) ^ (rL=a x i»- u ) > 

-* a 

where riu=i ^ s the ordered product (the term corresponding to u = 1 is on the left), 
1 < s u < r > r u > 0, J2 U a ^ ~ E u a ju = a n and E„ s « + E„ r « + E« 9u = r, see 
[D, Theorem 4.4(3)] and its proof in [DD, §3.5]. Since A° np (x+) = T,j 2 J p A°(x+. +2n ), 
the element A^^x+l) — x+ Kll — kiKx^. is, thus, a linear combination of monomials 
of the form 

(8-2) (flu=l X j„,s„ + 2ra) (ritt=l^ u q u ) ^ (Au=a X i ,r u -2n) > 

where < s u < r + 2n > r u > 0, £) u a iu - £) u a ju = a i; and ^ s u + ^ u r u + 
E u 9u = r + 2n. By Claim (i) the image of the monomials (8.2) by $ s i Kl $ s 2 
cannot contribute to lim unless a = (use the relation = [x^,x~], and the 
inequalities + 2n ) + E„ Qu > 2na, ^«( r « - 2n) < r - 2na). Then, i = i. 

Let us consider the monomials 

[CO, (?«),r ] = (n„ k /L«„) ^ x £ ' where r o^« > and r + ^ g u = r. 

u 

We have A°(x+) = A(x+ M 1 - k+ M x+JA" 1 , where ^ = T [ 3 rp {R rp )- By (3.1) 
the partial i?-matrix R rp is a sum of monomials in the elements x~, M x^_ s with 
s > 1. Moreover, the coefficients of x~_ Kl x J o in A, A -1 are respectively c\,ci 
(because the coefficients of x~ r _ ro Klx+, o _ r in R rp , R~ p are respectively c\,ci, see 
§3). Thus, the coefficient of [(h u ), (g„),V ] in A°(x+) - x+ B 1 - k+ B x+ and in 

(cix"_ ro x+ + Cix+x"_ ro ) B x+ o = (g - 9 _1 )[x£, xr_ r J H x+ q = k+._ ro B x+ q 

coincide. We are done. A similar argument gives the equality (and the convergence 
of both sides) 

lim ($ sl B cD s2 )A° np (x-) = 1^:+^ x" r+s B fcr_„ 

s>0 

for all rgZ. By (6.2) the r-th Fourier coefficient in 

x+(z) Kl 1 + qfU A-i - 9) z- 1 + B x+(z) 

is x+ B 1 + E s >o k ts ® 4,r-s- Similarly, 1 B x" + £ 
Fourier coefficient in 

(x"(z) B l) (g) g& A-i " V)?' 1 ^) ~ + 1 B sT" (z). 

Since (s 1 ,^ 2 ) € 5 the class A-i((9 _1 - B £*) is well-defined in U,i B U s 2. 

Recall that, by (7.7), the element A^(x^) is the image by 6 of the r-th Fourier 
coefficient in 

xt(z)Ml + q f ^/\_ 1 ((q- 1 - q)J\ x B £*) ® (l^+(z)), 
(x"(z) B l) (g) ? & A-i ((9" 1 " Q)(-C)* MT{ 2 ) + 1M x~(z). 
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Since C M xf{z) = ±zxf(z) by (6.2), we get 

(8.3) lim 0(* fl i ® $ s2 )A° np (x±) = AUxf r ). 

We are done because the algebra U is generated by the elements x^. 

Let us prove Part (iv). The map A' w , : W A — > W AlA2 is the bivariant localiza- 
tion map (associated to the embedding (Q\i x Qa 2 ) xpt ^ Q x x pt). In particular, 
it is invertible. The map A^, is invertible either. Thus W A i A2 can be viewed 
as a U-module in two different ways : via A^, or via the coproduct A° and the 
Kunneth isomorphism W A1A2 ~ W A1 KIr a1a2 W' a2 . These representations of U are 
denoted by °W A i A2 and °W A i A2 . Both U-modules are finite dimensional Raia 2 " 
vector spaces. They are simple by [N3, Theorem 14.1.2], since the tensor product 
of two generic simple finite-dimensional U-modules is still simple. They have also 
the same Drinfeld polynomials (see §6.6). Thus they are isomorphic. Obviously, 

Hom I , AlA2 ( W AlA2 ,^W AlA2 )=End IiAiA2 (W AlA2 ). 

Let H X b C G X b be a maximal torus, 6 = 1,2. Put H = H x i x H X 2 x C x . Then 

(Z xb ) H ** c * =(Q xb xQ xb ) H ^ xCX . 
The localization theorem and the Kunneth formula, give an isomorphism 

xCX (Z xb ) ~ End n{Hxb xCX } (K H * b xCX (QaO) • 
Moreover, [CG, Theorem 6.1.22] gives 

K(H) S Ra1a2 W' a1a2 ~ K H * xCX (Q\i ) H K^ 2 xc>< (Qa2) 
K(H) S %1a2 LW * K H ^ xCX (Z A1 ) M K^ 2 x C x {Zx2 y 

Thus, 

K(H) ^ a1a2 Hom RAU2 rw; iA2 ,X 1A2 ) ~ K(H) Br^ U AU , 

Taking the invariants by the Weyl group of G x i x Ga 2 , we get an isomorphism 

Ho mftAlA2 ( W AlA2 ^W AlA2 )^UA 1A2 . 

Let R € U a ia 2 be the element corresponding to the isomorphism of U-modules 
°W A ! A2 —> W A1A2 which is the identity on the highest weight vectors. Claim (iv) 
follows from Claim (iii), since R s i s 2 intertwines the specialized modules, whenever 
it is defined and invertible. 

Claim (v) is immediate, since Ri np is a sum of monomials in the elements x~ M 
xj_ r , i € J, r > 1. □ 



STANDARD MODULES 



19 



A. Appendix 

Let us check that the operators introduced in Section 6 still satisfy the Drinfeld 
relations. As indicated in Remark 6.3 it is sufficient to check [N3, (1.2.8) and 
(1.2.10)]. By [N3, Section 10.2] the proof of the first relation is reduced to the 
equality 

(q^Vf/Vf/^ ® {q^Vl/VifJ^ ® x l ~ ix ® x k J x = 

where a 2 , a 3 , a 4 G Q + , are such that a 4 = a 3 — a k , a 2 = a 3 + a/, and fc 7^ /. Then 
(Al) follows from 



#A = (-1)"«*A ® (fl- 1 ^/^)""". ^ + A = /«3 + A + ^ 



and the identity = n Jfe . By [N3, Section 10.3] the proof of the second relation 

is reduced to the equality 

(A2) 

{q -i vf/V 2 )akl 3 {q -i v z /V Aylt x ( g -i^p/^)/3* ® x k J x ® x^t A = 

= (-1)^-1 V£/V 4 )«- (c^Vf/V 2 A ® (g^vf/v 4 )^ ® X £ A ® z*+ A , 



where a 2 , a 3 , a 4 G C] + , are such that a 2 = a 3 — ai, a 4 = a 3 — a k , and k^l. Then 
(A2) follows from 



x 



% = (~l)<x l + x ® (g^Vl/V 4 )^, # A = /Sa - " 



= (-!) n -^A ® (T'Vf/V 2 )^, /*+ = / Q fc 3 + A - 

and the identity n\ { + nf k = —a\ k . 
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